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1 Overview

This is the second Deliverable of Work Package 3 of the Personal Information Navigator
Adapting Through Viewing, PinView, project, funded by the European Community’s Seventh
Framework Programme under Grant Agreement n® 216529. The report constitutes the output
of Task 3.2 Criteria for metric selection.

The description of work for Task 3.2 Criteria for metric selection is to:

“place the results of Task 3.1 in a rigorous statistical framework that can be used
to analyse the factors that affect the performance of systems that learn metrics.
This will be used to propose improvements and extensions to the classes of metrics
and algorithms developed in Task 3.1. The new approaches will be implemented
and evaluated to verify that the statistical analysis accurately captures the key
features of the learning scenario.”

Therefore, the goal is to theoretically analyse the algorithm developed in D3.1 — namely
the 1-norm 2-norm Multiple Kernel Learning algorithm that was developed for the one-class
support vector machine. In the first section we adapt a generalisation error bound for the case
when we would expect a small number of kernels in the final kernel combination. After this
we develop a new analysis using Rademacher complexity — which also motivates an extension
to MKL algorithms, based on applying Boosting to the MKL problem.

The involvement of TKK and MUL is ongoing. With respect to MUL, the work carried
out during the visit of Alex Leung and Zakria Hussain to TKK is considered more relevant
to deliverable D3.3, and so will be reported there.
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2 Introduction

In this report our main goal is to analyse Multiple Kernel Learning (MKL) in terms of
generalisation error. Constructing generalisation error bounds for MKL has been a topic of
considerable interest of late, with several authors proposing bounds (Lanckriet et al., 2004;
Srebro and Ben-David, 2006; Ying and Campbell, 2009). The bounds have used Rademacher
complexity or margin theory. We start by applying a recent bounding technique (Hussain
and Shawe-Taylor, 2009), used for kernel matching pursuit, in order to view the choice of
kernels as a sample compression scheme (Littlestone and Warmuth, 1986). We show that in
situations where we only expect to use a small number of kernels, that our bound can be
tighter than the bound of Srebro and Ben-David (2006).

Next we propose a novel Rademacher bound (Bartlett and Mendelson, 2002; Shawe-Taylor
and Cristianini, 2004) by making use of the idea of Rademacher complexities for Boosting.
The fact that boosting constructs classifiers based on a linear combination of weak learners,
suggests that by viewing each choice of kernel as a weak learner, we can adapt the LPBoost
algorithm (Demiriz et al., 2002) to find a linear combination of kernels. We apply the LPBoost
algorithm as opposed to AdaBoost (Freund and Schapire, 1997) due to its global convergence
properties, well-defined stopping criteria and its sparsity (1-norm regularisation) in the choice
of weak learners.

The motivation of our work is to show that MKL algorithms can have upper bounds for
their generalisation error, putting much of the work from Deliverable 3.1 (Hussain et al.,
December 2008) on a sound theoretical footing. Furthermore, based on the analysis, another
motivation is to propose a novel algorithm that also minimises the generalisation error bound.
This is an important requirement of any learning algorithm, because in practice we would
like to minimise the true error that may be incurred in the future. By minimising an upper
bound on the true error we may hope to achieve good generalisation. This has been the goal
of computational learning theory (Anthony and Bartlett, 1999) and remains an important
component for the design of any new learning algorithm.

3 Theoretical Analysis

In this section we describe the MKL problem, and what we would like to analyse theoreti-
cally. Subsection 3.1 describes a method of applying sample compression bounds over margin
bounds that have already been proposed for MKL. This bound is for the MKL algorithm
proposed in Deliverable 3.1 (Hussain et al., December 2008). It suggests that if we find a
small number of kernels that maximise the margin than we should learn well in the future.
Subsection 3.2 describes a novel Rademacher bound for MKL. All proofs of our results can
be found in the appendix.

Let S = {(xi,y:)}"; be an m-sample where x; € X C R” and y; € Y = {—1,+1}. Let
x = {z1,...,Zn} contain the inputs.

Definition 1 (Aizerman et al. (1964)). A kernel is a function K that for all z, 2’ € X satisfies
K (2,2') = (o(e), 6(a'),
where ¢ is a mapping from X" to an (inner product) Hilbert space H
¢: X —H.

Kernel learning algorithms make use of the m x m kernel matrix Ky = [K (a:z,x;)]:”j:l
defined using the training inputs x. When using the kernel representation it is not always
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possible to represent the weight vector w explicitly and so we can use the function f directly
as the predictor:

f(.I') = ZO&Z‘K(.%)‘,J}),
=1

where a = (a1, . .., au,) is the dual weight vector. Given a kernel K, learning can be described
as finding a function from the class of functions (Srebro and Ben-David, 2006):

Fie = {w = (w,0(2)) | |lw] <1, K(z,2") = ((x), $(="))}

minimising the hinge loss
1 m
()= > max(y — i f(x:), 0).
i=1

For the generalisation error bounds we assume that the data are generated iid from a
fixed but unknown probability distribution P over the joint space X x ). Given the true
error of a function f:

err(f) = Eqy~p(yf(z) <0),
the empirical margin error of f with margin ~ > 0:

m

eit?(f) = %Zﬂ(yif(xi) <7)

i=1

where I is the indicator function, and the estimation error est”(f)

est?(f) = |err(f) — etr? (f)],

we would like to find an upper bound for est?(f). In the sequel we will state the bounds in
standard form, where the true error err(f) of a function f is upper bounded by the empirical
error efr(f) plus the estimation error est(f):

err(f) < efr(f) + est(f). (1)

Let K = {Kj,...,Kp} denote a family of kernels, where each kernel K; is the ith base
kernel. The following kernel families are formed using a linear or convex combination of base
kernels:

D D
Kiin(K1,...,Kp) = {Kn:Z’mKi\ K™ = Oazni = 1}

=1 i=1

D D
ICcon(Kla~--7KD) = {KTI = anKZ ’ i > O,Z’rh = 1} .
=1 i=1

These two kernel families are considered finite dimensional. The MKL problem can be de-
scribed as finding a function f from the class:

Fx = UkexFk,

that minimises 27 (f).
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3.1 Sample Compression-Margin bound

In this section we use covering number bounds for learning the kernel with SVMs (Srebro
and Ben-David, 2006) together with sample compression bounds (Littlestone and Warmuth,
1986; Floyd and Warmuth, 1995). We derive an upper bound for the above finite dimensional
kernel families (that use 1-norm regularisation) using covering numbers, resulting in tighter
bounds than Srebro and Ben-David (2006), when a small choice of base kernels is present in
the final combination (i.e., (Bach, 2008)). Before presenting our first result we define covering
numbers (e.g., see Anthony and Bartlett (1999)) for kernels and define sample compression
schemes.

Definition 2 (covering number). A subset A C A is an e-net of A under the metric d if for
any a € A there exists a € A with d(a,a) < e. The covering number Ny(A,€) is the size of
the smallest e-net of A.

Given a sample of points x we can define the following ¢, metric:

da (f1, f2) = max | fi(x;) — fa(zi)], Vi

The uniform /4 covering number N, (F,¢€) of a predictor class F is given by considering all
possible samples x of size m:

Nin(F,€) = sup Ngx (F,e).

|x|=m

In the kernel learning scenario we have:

DX (K,K) = max|K(z;,x;) — K(xi,25)|, Vi,j

A sample compression scheme is defined as follows.

Definition 3 (sample compression scheme). Let A(S) be the function output by learning
algorithm A on training set S. A sample compression scheme is a reconstruction function ¢
mapping a compression set A(S) C S to some set of functions F such that A(S) = ®(A(S)).

Sample compression bounds can be formed by simply using the cardinality |A(S)| of the
compression set, e.g., an SVM is a compression scheme as it only requires the support vectors
(compression set) in order to construct the same maximum margin classifier. Instead of a
standard compression analysis, we will adapt the sample compression bounding technique
to the following result of Srebro and Ben-David (2006), by using the cardinality |K| of the
kernel family — viewing it as a “compression set”.!

Theorem 1 (Srebro and Ben-David (2006)). For any kernel family IC, bounded by R >
K(z,z) and with pseudo-dimension d, and any fixed v > 0, with probability at least 1 — 6
over the choice of a random training set of size m we have:

8vVR 72

2 + dlog 1289 E | 956 1 1og 192 Jog 128mE _ 160§
err(f) <efr”(f)+1/8 2 2 :
m
We can apply a sample compression argument to this bound if our algorithm chooses
k < D kernels from a family of kernels K = {Kj,...,Kp} to get a bound in the form of
Equation (1):

Tt is not a compression set in the standard sense, but we apply the technique developed by Hussain and
Shawe-Taylor (2009) in order to apply compression bounds.
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Theorem 2. Let k be the number of kernels chosen. For any kernel family K = {K1,...,Kp},
bounded by R and any fixed v > 0, with probability at least 1 — § over the choice of a random
training set of size m we have:

8VR

2 + klog eD T klog 1285m3R + 256 R lOg yem log 128’mR 10g %
err(f) <etr’(f)+ /8 .

This bound can be smaller than the bound of Srebro and Ben-David (2006) if there
are a large number of kernels in the kernel family (possibly exponentially large) but only
a small number of kernels chosen in the final combination. A recent algorithm by Bach
(2008) has this property where he defines Hierarchical Multiple Kernel Learning, using ¢;
norm regularisation, which results in a sparse number of kernels being chosen in the final
combination. The number of kernels used in the experiments in Bach (2008) were in the
order of more than D > 10%° but the algorithm chose a much small number of kernels
k = 300 in the final solution. Also, our MKL algorithm from deliverable 3.1 will also deliver
a sparse number of kernels as the normalisation parameter yx — 1. The above bound of
Theorem 2 would apply in this scenario.

m

3.2 Rademacher Complexity bound

In this section we derive a novel Rademacher complexity bound (Bartlett and Mendelson,
2002; Shawe-Taylor and Cristianini, 2004) for MKL which does not have multiplicative be-
haviour between the margin complexity term and the dimensionality of the kernel family.
Srebro and Ben-David (2006) state that it may not be possible to have additive behaviour
for Rademacher bounds for MKL. However, we show that it is possible when one views the
choice of kernels as weak learners. We begin by stating the following well-known concentration
inequality.

Theorem 3 (McDiarmid (1989)). Let Xi,...,X, be independent random variables taking
values in a set A, and assume that f : A™ — R satisfies

sup |f(x17"'7$n)_f(xla'--7i‘iaxi+17"'7$n)|SC@, 1§Z§n

L1,y @n, B EA

Then for all e > 0

_ 9.2
P{f(Xh'"?Xn)_Ef(Xla--'aXn) 26} < exp (23602> .
=1 "1

Next we first define the true and empirical Rademacher complexities (Bartlett and Mendel-
son, 2002).

Definition 4 (Rademacher complexity). For a sample x = {z1,...,2,,} generated by a
distribution D on a set X and a real-valued function class F with domain X', the empirical
Rademacher complexity of F is the random variable

Zazf xz

where ¢ = (01,...,0) are independent uniform {£1}-valued (Rademacher) random vari-
ables. The (true) Rademacher complexity is:
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The standard Rademacher bounds for learning theory can be given as:

Theorem 4 (Bartlett and Mendelson (2002)). Fiz § € (0,1) and let F be a class of func-
tions mapping from Z = X x Y to [0,1]. Let ()", be drawn independently according to a
probability distribution D. Then with probability 1 — § over random draws of samples of size
m, every f € F satisfies

Eplf(2)] < BEf(2)] + Rm(F)+ ln;r/f)
< BI)) + Bn(F) + 3y L)

These bounds are quite general and applicable to various learning algorithms if an em-
pirical Rademacher complezity Rm(]: ) of the function class F can be found efficiently. For
kernel method algorithms a well-known result uses the trace of the kernel matrix to bound
the empirical Rademacher complexity.

Theorem 5 (Bartlett and Mendelson (2002)). If K : X x X — R is a kernel, and x =
{z1,...,2m} is a sample of points from X, then the empirical Rademacher complexity of the
class Fp with bounded norm ||w|2 < B satisfies

The combination of the set of weak learners in boosting can be viewed as a convex hull:

COHVB(]:):{Zaifi:fiefaaiER>aiZO,Zai§B} (2)

We are interested in the empirical Rademacher complexity of a convex hull as given by
Equation (2) (i.e., boosting), because we can view the MKL problem in a similar way.

Theorem 6 (Shawe-Taylor (2009)). The empirical Rademacher complexity of the convex hull
convg(F) of function class F satisfies

Ry (convg(F)) < BRy(F).

Given all of the results from above, we are now in a position to state the following theorem,
which proves an upper bound for the empirical Rademacher complexity given multiple feature
spaces.

Theorem 7. Let x = {x1,...,zy} be an m-sample of points from X, then the empirical
Rademacher complexity Ry, (UF;) of the class F = F1U. . .UF}, where each F; has rademacher
complexity R;, satisfies:

. | N In((k + 1)/0)

Therefore we have the following generalisation error bound.

Theorem 8. Let x = {x1,...,2,} be a randomly generated sample from distribution D.
Furthermore let F = F1 U ... UFy be a joint feature space and K a (normalised) kernel
function constructed using this joint space F. Then for any z € Z = X x Y and for all
f € F, with probability at least 1 — § we have:

Ep[f(z)] < ED[f(Z)] + % trace(Kx) + 5 hl((k;nm

We will now give details of a novel MKL algorithm that will also use this bound.
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4 Algorithmic Extensions

The second important goal of the report is to use the analysis to help motivate new algorithms.
The bound of Theorem 8 motivates the use of LPBoost to solve MKL problems, where the
weights of the weak learners act like the weights of the kernels. The reason LPBoost is
preferred to AdaBoost is because the bound is minimised when k is small, i.e., when the
number of chosen kernels is small. LPBoost carries out ¢; norm regularisation resulting in
much sparser solutions than AdaBoost, and therefore minimises the bound derived above.
We begin by describing the LPBoost algorithm.

4.1 Linear Programme Boosting as an MKL problem

In the boosting framework (Freund and Schapire, 1997; Meir and Rétsch, 2003) the idea is
to construct a convex combination (i.e., a weighting that sums to 1) of “weak” learners —
defined as classifiers that misclassify just under 50% of the time. For example, weak learners
are usually defined as decision stumps, rays, etc. The idea is that a weighted combination of
weak learners may be boosted to become a single strong learner.

Recall that S = {(z;,v;)}["; is a training sample. Let H be a class of “weak” functions,
and hy,...,hg € H be k weak learners. Let a; be the weight of the ith weak learner, such that
Z?Zl a; = 1. Let u € R™ be the weights of the training inputs, and let H(S,u) be the base
learning algorithm from which weak learners are chosen. After k weak learners are chosen
the final hypothesis is defined as f(x) = Zle a;hi(z). Therefore, the LPBoost objective can
be written as (Demiriz et al., 2002):

k m
>t} &
=1 =1

where & = max (1 — Yy 7O f(zi), O) and C € R. Therefore & > 0 if x; is misclassified. Let

u = (u1,...,u,) denote the dual variables (or boosting weights) for m data points. We can
denote the restricted master problem for dual LPBoost like so (Demiriz et al., 2002):

min [
s.t. ZZL ’U,Z'yiH,‘j < ﬂ (3)
D ui =1
where H;; = h; (x;) is the classification of example z; given weak learner hj. Pseudocode for
LPBoost solved using column generation is given in Algorithm 1
Let w; denote the weight vector defined in the feature space ¢y : X — F;. From LPBoost

we know the following optimisation problem needs to be fulfilled in order to add a weak
learner hy ., (z) = (we, ¢r(x)):

maxiuiyi (wy, o)) > P. (4)
i=1

tawe 4

Rewriting the lhs, by taking the summation inside the inner product we get

max <wt, Z uzyz¢t(xl)> .

[lwel|=1
Furthermore, we know that wy = > w;yi¢¢(x;) for i = 1,...,m. It is clear that in order
to satisfy ||w¢|| = 1 we need to normalise each vector wy = wy/||w||. Hence, substituting this

above we get:
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Algorithm 1: LPBoost via column generation (Demiriz et al., 2002)

Input: training set S
1: initialise n «— 0,a «— 0,8 « 0, u « (%,...,
2: repeat
33 n<—n+1
4 Dy argmaxy, ep(su) Dioq Wililj(vi) > B
5 solve restricted master problem:

)

3=

argmin [
st Yoy uyihp(e) < 6
u, 3) «— =1,...,n
(u, B) Pl
Dl Ui =1
0<u; <D

6: until Y " wyihj(z;) < B for all by € H(S,u)
T n—n-—1
Output: a <+ Lagrangian multipliers from last LP and f = Zzzl aphy

Wy
<H’ Z Ui@/i¢t<1‘i)>
Z ulyz¢t .I'Z
<\ S itz 2 M)
Zi,jzl uz’uﬂhyﬂ(t(%z7 ZUJ)
\/Z;tla‘:l iy Ky (x4, )

m
= D iy K, ).
ij=1

Hence, for the Multiple Kernel Learning problem we only need to maximise the following
quantity:

m
Unt1 = Max ‘ZI wiw; Yy K (x4, 25) > 6 (5)
1,j=

and each weak learner added to the matrix H will be:

htﬂﬂt (‘T]) = (wt7 ol (l‘]» Z uzyth T4, x]) (6)

Un+1 £

where Hy 1 = (b, (21)s -+, Pty (21,))". The pseudocode for this MKL algorithm is given
in Algorithm 2. Furthermore, we can also have the following bound specialised to Algo-
rithm 2, by using the result of Theorem 8.

Corollary 1. Using all of the notation from Theorem 8 and letting f be the function output
by LPBoost for MKL (Algorithm 2) using k kernels, then with probability 1 — 6 we have an
upper bound for the true error of f as:

err 2&4_7_1_5 ((k+3>/5)
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Algorithm 2: LPBoost for MKL
Input: training set S, set of k kernels N = {1,...,k}

1: initialise n « 0, + 0,3 « 0, u (%,,%)

2: repeat

33 nen+l

4 v MaXyen \/anl win; Yy Ki(zi, ) > 0
ha(2) — = 3000wy Ko(@, ;)
6:  solve restricted master problem:

o

argmin (0
st Yo wiyihy(zi) < 6
u, 3) =1,...,n
(u, B) Pl
it ui=1

7. until \/Z%:l wiyiy; K (x5, 25) < B for all K,
& ne—n-—1
Output: o «— Lagrangian multipliers from last LP and f = 22:1 ap K,

5 Conclusions

In this report we analysed MKL algorithms, and started with the proposition of a novel
bound using sample compression theory (Theorem 2) applicable to the algorithm proposed
in deliverable 3.1 (Hussain et al., December 2008). Furthermore, we also proposed a novel
Rademacher bound (Theorem 8) for the case when we would have a function taken from
a union of function classes. This inspired Algorithm 2 — a new MKL algorithm using the
boosting framework. We also presented a bound specialised for this algorithm in Corollary 1.

We now briefly discuss the differences between the bounds. The Srebro and Ben-David

(2006) bound is of the order:
\/@ <d+ 1/42 — ln5>
m

where O hides logarithmic factors in its argument, d is the pseudo-dimension of the kernel
class I and ~ is the margin. Theorem 2 is of the order:

\/@ <k+ 1/72m— ln(d/5)>

where k are the number of kernels chosen from a possibility of d base kernels. This bound
makes d extra applications of the Srebro and Ben-David (2006) result but does not require
the size d of the kernel class, but a much smaller k¥ << d corresponding to the number of
kernels chosen in the final combination of kernels. In the 1-norm case of MKL this bound
would be tighter than the Srebro and Ben-David (2006) bound. Theorem 8 is of the order:

1 ~ (In(k
o)+, [0 (mEL)Y
vm m
This bound has an extra order of 1/y/m but tighter constants in the O term. Also, it should

be noted that this final bound does not use the margin -, although this can be handled with
Rademacher bounds (Shawe-Taylor and Cristianini, 2004) with some additional complexity.
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The next step of this work would be to use the proposed Algorithm 2 as a method of
finding a metric for the kernelised LinRel algorithm of Work Package 4. Furthermore, testing
this algorithm in the PinView system against the MKL algorithm devised in D3.1 would also
help determine which metric learning system to use in the final PinView system. This would
culminate in the prototype required for the final year of the PinView project and deliverable
3.3.
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Appendix

Proof. (of Theorem 2) From Anthony and Bartlett (1999) (Theorem 10.1) we have:

sup est” (f) <
fer

\/81 + log Nop (F,v/2) — log §
m )

which is found by solving the following equation for € > 0:

€Em

N (F,7/2) exp <—28> _s

From Theorem 1 and Lemma 3 of Srebro and Ben-David (2006) we have the following upper
bound of the covering number for a family I of kernels bounded by R > K(z,x) and any
a < 1:

4em3R\* /16mR %bg(gf/’%)
o?k '

N (Fy ) < 2 < (7)

a2

Hence following Hussain and Shawe-Taylor (2009), and making use of the fact that we have
(],:: ) different ways of choosing the kernels and making a further application of D we get:

(?) 2Non (Fie,v/2) exp <—€Zn) = %

Applying (7) and solving for € gives the result. O

Proof. (of Theorem 7) We know that:

Rpn(UF) = E, [filtl}}] igai]v(l’i)]
< g | S te | 42y PSR
< o ap |23 ouste) 2 OG0
Y
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where the second follows from an application of Theorem 3, the third line by observing that
the supremum of a joint function class (i.e., UF;) will always be upper bounded by the
maximum function in one of the function classes, the next line by taking the expectation over
o to get the final line in terms of the empirical Rademacher complexity of a single function
class F;. O

Proof. (of Theorem 8) We view each feature space F; as the space for a new kernel. Putting
together all the above results give:

Ep[f(2)] < E[f(2)] + Bm(UF;)

< E[f(2)]

IA
=
kﬂ
O
_l’_
vy
IAE
IAS
oy
B
>
_l’_
Ot

IA
=
=
o
_|_

|

Where the first line is given by Theorem 4, the second line comes from applying Theorem 6,
the third by applying Theorem 7 and the final line by applying Theorem 5. 0
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